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We study weighted modular inequalities with variable exponents for the Hardy operator
restricted to non-increasing functions. We show that the exponents p(·) for which these
modular inequalities hold must have a constant oscillation at zero, which implies that
these exponents are either constant or extremely oscillating near the origin. Similarly to
the constant case, we introduce the class of weights Bp(·) , and prove some of the classical
properties in this context.
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1. Introduction
Recently, the study of the Lp spaces with variable exponents (see [7] for deﬁnitions) has received a lot of attention and,
in particular, the extension of some results of classical harmonic analysis to the variable exponent setting. For example,
modular or norm inequalities in Lp spaces with variable exponents have been studied in [5,9] for the Hardy–Littlewood
maximal operator and a class of Calderón–Zygmund singular integrals (in [5] commutators and fractional integrals are also
considered).
Concerning the Hardy operator
(S f )(x) = 1
x
x∫
0
f (t)dt, x> 0,
and other related operators, we have to mention the work [6], where the authors study boundedness in norm in variable
Lp spaces with weights, and [1], where weighted weak type inequalities with variable exponents are considered. In [10],
Hardy’s inequalities are studied in this context for weights of power-type.
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izing the set of weights u for which a weighted modular inequality holds for the Hardy operator restricted to non-increasing
functions; that is,
+∞∫
0
(
S f (x)
)p(x)
u(x)dx C
+∞∫
0
(
f (x)
)p(x)
u(x)dx, (1)
for some positive constant C and f decreasing.
This modular inequality, for general functions f , was considered in [12], where the author proved (see Theorem 2.2) that
the only possibility for (1) to hold is that, essentially, p has to be a constant function. In contrast to this fact, we will show
that, in the decreasing case, there are non-constant exponents satisfying (1).
If p is a constant exponent, the theory of Ariño and Muckenhoupt (see [2]) proves that (1) is equivalent to the so called
Bp-condition for the weight u; that is, the existence of some constant C > 0 such that for any r > 0,
+∞∫
r
(
r
x
)p
u(x)dx C
r∫
0
u(x)dx.
For other related results concerning the class of Bp weights, see [3,4].
Let p :R+ →R+ be a measurable function, satisfying that
p− = ess inf
x>0
p(x) > 0 and p+ = ess sup
x>0
p(x) < +∞.
Our main goal is to study conditions on the exponent p(x) and the weight u  0 on R+ for which (1) is true. We will show
that this happens only for functions p(·) having a constant oscillation at zero. In particular, we obtain that, for exponents
p(·) whose oscillation around the origin tends to zero (see deﬁnitions below), the existence of weights satisfying (1) implies
that p(·) is essentially constant and hence these weights belong to the classical Bp class (see Theorem 2.1).
Nevertheless, we also show that (1) holds for weights u satisfying a Bp(·) condition corresponding to non-constant
exponents p(x), whose oscillation around the origin is maximum (see Example 2.4).
This rather surprising fact should be compared with some results obtained in the same line (besides the one already
mentioned in [12]): A. Lerner in [9] has proved that a modular inequality without weights holds for the Hardy–Littlewood
maximal operator or Calderón–Zygmund singular integrals, if and only if p : RN → (1,+∞) is equal to a constant almost
everywhere.
2. Main results
Given p :R+ →R+ such that 0< p−  p+ < +∞ and a weight u in (0,+∞), let us deﬁne the following local oscillation
of p:
ϕp(·),u(δ) = ess sup
x∈(0,δ)∩suppu
p(x) − ess inf
x∈(0,δ)∩suppu
p(x).
We observe that ϕp(·),u is an increasing and positive function such that
lim
δ→∞ϕp(·),u(δ) = p
+
u − p−u , (2)
where p−u and p+u denote, respectively, the essential inﬁmum and supremum of p on the support of u.
Theorem 2.1. Let u be a weight on (0,∞) and p : R+ → R+ such that 0 < p−  p+ < +∞, and assume that ϕp(·),u(0+) = 0. The
following facts are equivalent:
(a) There exists a positive constant C such that, for any positive and non-increasing function f :
+∞∫
0
(
S f (x)
)p(x)
u(x)dx C
+∞∫
0
(
f (x)
)p(x)
u(x)dx.
(b) For any r, s > 0,
+∞∫
r
(
r
sx
)p(x)
u(x)dx C
r∫
0
u(x)
sp(x)
dx. (3)
(c) p| suppu ≡ p0 a.e. and u ∈ Bp0 .
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1
s χ(0,r)(x), s, r > 0, for which S f (x) = 1s χ(0,r)(x) + rsxχ[r,∞)(x).
To obtain (c) from (b), we are going to prove that condition (b) implies that ϕp(·),u is a constant function, namely
ϕp(·),u ≡ p+u − p−u . This fact and the hypothesis on ϕp(·),u imply ϕp(·),u ≡ 0, and hence, due to (2), p| suppu ≡ p+u = p−u = p0
a.e. and, ﬁnally, (3) means u ∈ Bp0 .
Let us suppose that ϕp(·),u is not constant a.e. Then, one of the following two conditions must hold:
(i) there exists δ > 0 such that
α := ess sup
x∈(0,δ)∩suppu
p(x) < p+u < +∞, (4)
and hence, there exists ε > 0 such that∣∣{x δ: p(x) α + ε}∩ suppu∣∣> 0,
or
(ii) there exists δ > 0 such that
β := ess inf
x∈(0,δ)∩suppu
p(x) > p−u > 0, (5)
and then, for some ε > 0,∣∣{x δ: p(x) β − ε}∩ suppu∣∣> 0.
In case (i), we observe that condition (b), for r = δ, implies that
+∞∫
δ
(
δ
s
)p(x) u(x)
xp(x)
dx C
δ∫
0
u(x)
sp(x)
dx.
And then, using (4), we obtain, for s <min(1, δ),
(
δ
s
)α+ε ∫
{xδ: p(x)α+ε}
u(x)
xp(x)
dx C
sα
δ∫
0
u(x)dx,
which is clearly a contradiction if we let s ↓ 0.
Similarly, in case (ii), let us consider the same condition (b), for r = δ, and ﬁx now s > 1. Now, taking into account (5):
1
sβ−ε
∫
{xδ: p(x)β−ε}
(
δ
x
)p(x)
u(x)dx C
sβ
δ∫
0
u(x)dx,
which is a contradiction if we let s ↑ +∞.
Finally, the fact that condition (c) implies (a) follows from [2, Theorem 1.7]. 
Remark 2.2. We observe that condition ϕp(·),u(0+) = 0 of the previous theorem is only needed to prove (c) from (3). Also
we note that, for u satisfying (3), the behavior at the origin of ϕp(·),u is independent of u, since its support must contain a
neighborhood of the origin (unless u is identically zero). It is also very easy to prove that ϕp(·),u(0+) = 0 holds, for example,
if p is Lipschitz of order 0< α  1 near zero.
In the sequel, by analogy with the notation in the case of constant exponents, we will refer to weights satisfying con-
dition (3) as the class Bp(·) . We ﬁnally observe that, compared with the classical case, the fact that we need to use two
parameters in (3), is due to the lack of homogeneity in condition (1).
Also, implicit in the proof of the above theorem, we have obtained the following corollary.
Corollary 2.3. Given a weight u in the class Bp(·) , the function ϕp(·),u must be constant.
The following example shows that it is possible to get the modular inequality (1) for a certain weight u and an exponent
p(x) whose corresponding function ϕp(·),u is not identically zero; that is, p(x) is not essentially constant on the support of u.
Hence, we can conclude that, in general, it is false that (1) implies condition (c) without the hypothesis ϕp(·),u(0+) = 0. Let
us observe that, in this case, the function p(x) oscillates on each neighborhood of zero between its maximum and minimum
and, as a consequence, the corresponding function ϕp(·),u becomes a non-zero constant function.
386 S. Boza, J. Soria / J. Math. Anal. Appl. 348 (2008) 383–388Example 2.4. Let us consider the following exponent p(x) restricted to the interval (0,1]:
p(x) =
⎧⎨
⎩
p+, for x ∈ A :=⋃∞k=0( 122k+1 , 122k ],
p−, for x ∈ B :=⋃∞k=1( 122k , 122k−1 ],
where 1< p− < p+ < +∞, and the weight u(x) = χ(0,1)(x).
We claim that, for every positive and non-increasing function f , we have the following modular inequality:
1∫
0
(
S f (x)
)p(x)
dx C
1∫
0
(
f (x)
)p(x)
dx. (6)
Indeed, writing f = f χA + f χB := f A + f B , we obtain
1∫
0
(
S f (x)
)p(x)
dx =
∫
A
(
S f A(x) + S f B(x)
)p+
dx+
∫
B
(
S f A(x) + S f B(x)
)p−
dx

∫
A
(
S f A(x)
)p+
dx+
∫
A
(
S f B(x)
)p+
dx+
∫
B
(
S f A(x)
)p−
dx+
∫
B
(
S f B(x)
)p−
dx
:= (I) + (II) + (III) + (IV).
To estimate (I) and (IV) we use the standard Hardy inequality (see [8, p. 38]) and obtain
(I) =
∫
A
(
S f A(x)
)p+
dx
1∫
0
(
S f A(x)
)p+
dx C
1∫
0
(
f A(x)
)p+
dx = C
∫
A
(
f (x)
)p(x)
dx,
and, similarly,
(IV) =
∫
B
(
S f B(x)
)p−
dx C
1∫
0
(
f B(x)
)p−
dx = C
∫
B
(
f (x)
)p(x)
dx.
On the other hand, since f is decreasing, we observe that
1∫
0
(
f B(x)
)p+
dx =
∞∑
k=1
2−2k+1∫
2−2k
(
f (x)
)p+
dx
∞∑
k=1
2−2k
(
f
(
2−2k
))p+  2 ∞∑
k=1
2−2k∫
2−2k−1
(
f (x)
)p+
dx 2
1∫
0
(
f A(x)
)p+
dx,
and, similarly,
1∫
0
(
f A(x)
)p−
dx 2
1∫
0
(
f B(x)
)p−
dx.
To estimate (II) and (III), the same Hardy inequality used previously and the above inequalities show
(II) =
∫
A
(
S f B(x)
)p+
dx C
1∫
0
(
f B(x)
)p+
dx 2C
1∫
0
(
f A(x)
)p+
dx = 2C
∫
A
(
f (x)
)p(x)
dx,
and
(III) =
∫
B
(
S f A(x)
)p−
dx C
1∫
0
(
f A(x)
)p−
dx 2C
1∫
0
(
f B(x)
)p−
dx = 2C
∫
B
(
f (x)
)p(x)
dx.
Collecting terms we obtain (6).
As in the case of constant exponents (see [11]), we can obtain a proof of how the modular inequality (1) implies a
self-improving condition Bp(·)−ε , for some constant ε > 0.
Proposition 2.5. Let p :R+ →R+ be such that 1 p−  p+ < +∞ and u be a weight for which (1) holds. Then, there is ε > 0 such
that u ∈ Bp(·)−ε .
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(
Sk f
)
(x) =
⎧⎨
⎩
1
s for 0< x < r,
r
sx
∑k−1
j=0
log j(x/r)
j! for x r.
Since (1) holds, we have
+∞∫
0
(
Sk f (x)
)p(x)
u(x)dx Ck
r∫
0
u(x)
sp(x)
dx. (7)
On the other hand, since p(x) 1, for x > r we have
(
Sk f (x)
)p(x) = ( r
sx
)p(x)( k−1∑
j=0
log j(x/r)
j!
)p(x)

(
r
sx
)p(x)( k−1∑
j=0
log j(x/r)
j!
)

(
r
sx
)p(x) logk−1(x/r)
(k − 1)! .
A substitution of the above inequality in (7) leads us to
∞∫
r
(
r
sx
)p(x) logk−1(x/r)
(k − 1)! u(x)dx C
k
r∫
0
u(x)
sp(x)
dx.
If we choose σ > C , we obtain
∞∫
r
(
r
sx
)p(x) ∞∑
k=1
1
(k − 1)!
(
log(x/r)
σ
)k−1
u(x)dx C
r∫
0
u(x)
sp(x)
dx,
that is,
∞∫
r
(
r
sx
)p(x)−1/σ
u(x)dx C
r∫
0
u(x)
sp(x)−1/σ
dx,
and hence, u ∈ Bp(·)−1/σ . 
The proposition above represents an improvement in Theorem 2.1 due to the next result which proves that weights in
Bp(·) are nested in the following sense:
Proposition 2.6. Given p :R+ →R+ such that 0< p−  p+ < +∞ and δ > 0, then:
(i) Bp(·)  Bp(·)+δ ;
(ii) Bδp(·)  Bp(·) , for δ  1.
Proof. To prove (i), just observe that the Bp(·) condition (3) implies
+∞∫
r
(
r
x
)p(x) u(x)
sp(x)+δ
dx C
r∫
0
u(x)
sp(x)+δ
dx.
Then, since in the left-hand side r/x 1, we obtain
+∞∫
r
(
r
x
)p(x)+δ u(x)
sp(x)+δ
dx C
r∫
0
u(x)
sp(x)+δ
dx,
which is the condition Bp(·)+δ .
Similarly, to prove (ii) we write the Bδp(·) condition for s1/δ , in place of the arbitrary constant s, and obtain
+∞∫ (
r
x
)δp(x) u(x)
sp(x)
dx C
r∫
u(x)
sp(x)
dx.r 0
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+∞∫
r
(
r
x
)p(x) u(x)
sp(x)
dx C
r∫
0
u(x)
sp(x)
dx. 
Remark 2.7. Related to the proposition above, we remark that, in general, the inclusion Bp(·)  Bq(·) is false for two general
functions such that p(x)  q(x) a.e. x > 0. It is enough to consider the weight u ≡ 1, which is in Bp for any p > 1, and
a non-constant function q(x)  p, such that the corresponding function ϕq(·),u is not constant on (0,+∞) (e.g. q(x) =
pχ(0,1) + 2pχ(1,+∞)). Therefore, by Corollary 2.3, 1 /∈ Bq(·) .
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